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An exact pseudopotential theory is presented for atoms and molecules with arbitrary number of 
valence and core electrons and arbitrary number of nuclei. Using the variation method an equation 
is derived for the best many-valence-electron wave function which is orthogonalized to the core 
orbitals. Using this equation the exact equation is derived for the many-valence-electron pseudo- 
wavefunction which does not have to satisfy any orthogonality conditions. The Hamiltonian of the 
pseudopotential equation is of surprisingly simple structure and does not depend on the energy 
and/or on the wave function of the valence electrons. It is shown that the simple model Hamiltonian 
which is used in many pseudopotential calculations can be derived from the exact equation by two 
plausible approximations. The theory is elucidated on the example of atoms with two valence 
electrons.

P se u d o p o te n tia l T h e o ry  fo r  A to m s a n d  M olecules

I. Introduction

Although the powerful ab initio methods of the 
Quantum Chemistry the Hartree-Fock method 1 for 
atoms and the LCAO-MO method2 for molecules 
can, in principle, be applied to any system, there 
are situations in which the application of the simpler 
pseudopotential formalism can be advantageous. The 
basic idea of this method — an idea which was 
introduced into the Quantum Chemistry by Hell- 
mann3 — is to replace the orthogonality require­
ment between valence and core wave functions by 
pseudopotentials and solve the Schroedinger equa­
tion for the valence electron as if the core would not 
exist.

The present situation in atomic and molecular 
pseudopotential theory may be described as follows. 
For one-valence-electron systems the theory has been 
worked out by a number of scientists among them 
Hellmann 3, Gombas4, Szepfalussy 5, Phillips and 
Kleinmann 6, Antoncik 7, Cohen and Heine 8, Austin 
Heine and Sham9, Goddard10 and Ohrn and 
McWeeny 11. Much less work has been done on the 
many-valence-electron formulation of the pseudo- 
potential theory. Progress in that direction was 
made by Szasz 12 and by Weeks and Rice13 who 
developed methods for the pseudopotential treat­
ment of atoms with more than one valence electrons. 
Starting from the LCAO-MO theory Schwarz 14 con­
tributed to the understanding of the approxima­
tions underlying the pseudopotential model Hamil­
tonian used in atomic and molecular calculations. 
Although in the most important area of applica­
tions — the molecular calculations — there is a 
growing number of scientists who use the pseudo-

potential method 15, a comprehensive many-electron 
pseudopotential theory up to now had not been 
developed. The molecular calculations 15 are usually 
based on physically plausible model Hamiltonians 
which are generalizations of the pseudopotential 
model for one-valence-electron systems.

The purpose of this paper is to present a com­
prehensive, exact, many-valence-electron pseudo- 
potential theory for atoms and molecules. The main 
features of this theory are as follows:

1. The theory is comprehensive in the sense that 
it is applicable to atoms and molecules with any 
number of valence and core electrons and with any 
number of nuclei;

2. it is exact in the sense that the equation for the 
many-valence-electron wave function is derived 
using the variation principle and corresponds to the 
energy minimum;

3. the correlation effects between the valence elec­
trons are fully taken into account.

The paper is organized as follows. First we de­
rive the equation for the valence electron wave func­
tion which is orthogonal to the core orbitals and we 
discuss the structure of this equation (Section III). 
In Sect. IV we formulate the exact pseudopotential 
theory by deriving the equation for the exact pseudo- 
wavefunction 16. Section IV contains also a discus­
sion of the properties of this equation. In Sect. V 
we show that a simple and physically plausible 
model Hamiltonian which has been used in atomic 
and molecular calculations can be derived from the 
exact pseudopotential equation by just two approxi­
mations. In Sect. VI the connection between the
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exact theory and the model Hamiltonian is eluci­
dated on the example of atoms with two valence 
electrons.

II. The Hartree-Fock Approximation

Let us consider an atom or molecule with N elec­
trons in closed shells and arbitrary number of 
nuclei. In order to provide a unified treatment we 
write the Hamiltonian of the system in the following 
form:

H = l t i + I 2 v ij, (2.1)
i = 1 i, j = 1

where Vjj is the electron-electron interaction and for 
ti we put:

A) for atoms:
ti=  A i-Z /n , (2.2)

where A-t is the Laplacian and Z the nuclear charge;
B) for molecules,

k =  - l A - I Z j r . i ,  (2.3)
(a)

where Za is the nuclear charge on nucleus "a" and 
r.di is the electrons distance from nucleus "a".

The interaction potential between the electrons is 
put in the form

üio= (i*i r 0 1 v I r /  r 9')
= <3 (i^ -  r / )  <5 (r2 -  r 2 ) l / r 12, (2.4)

where
r ,

Let us denote the Hartree-Fock (HF) orbitals by 
<px. . .  (fx. The equations of the HF approximation 
are as follows. The HF energy is

where

and

£ f=  I { ( P i \ t+ iu \ ( p i) ,
i = 1

N
U = l u s

s = t

(2.5)

(2.6)

V,= (1 \U ,\1 ')
= f  IPs* (2) [(12 \v \ l '2 ')  — (12 11> | 2' l ')  ] 
•(ps(2r)dq2dq2/ . (2.7)

(<7 = spatial and spin coordinates.) Us is the HF 
potential (including exchange) associated with the 
orbital cps . Using (2.4) we see that, if we operate 
with Us on an arbitrary function we get the con­

ventional HF Coulomb and Exchange potentials: 

^ ( l ) / ( l ) = / ( l | t f s | l ' ) / ( l ' )  dqi
= f<Ps*(2) [<5(1-1') <5(2-2') (2-8)

-  <5 (1 -  2') <5 (2 -  1') ] cps (2') / (1') dq2 dq2 dqx'

=  \ M f  d ,2 /(i)  -  dq2.
J ri-2 '  J r12

The HF equations are
HF(pi = ei<pi , (i = l , . . . , N ) ,  (2.9)

where
H¥ = t+ U , (2.10)

and for the total energy we get
N N

Ef = 2  £i — 2 2  eij »i = 1 i, i = 1
(2.11)

where
% = {<Pi I Uj I (pi) ={<Pi\Ui\ <Pi) • (2.12)

III. The Equation for the Exact Orthogonalized 
Wave Function of the Valence Electrons

Let us devide now the electrons of the system into 
K core electrons and n = N — K valence electrons, 
where n is arbitrarily large. We assume that the K 
core electrons are in closed shells. The valence elec­
trons are generally in open shells although in order 
to keep the formalism reasonably simple in the first 
presentation we shall treat the valence electrons as if 
they would also be in closed shells. The generaliza­
tion to open shells, although not trivial, will be 
straightforward.

We represent the system by the wave function

<FT= ( M r ^ i f o t t ) . . .  (PK(K)W(K + 1 . . .N ) } ,
(3.1)

where the core electrons are represented by the 
spin-orbitals (pt . . .  cpn and the valence electrons 
by the antisymmetric correlated wave function 

, n). [ (AO 112 is the same normalization 
factor as in the HF determinant and A is an anti- 
symmetrizer operator.]

After the core-valence separation has been made 
the correlation effects are of three kind: There is

A) valence-valence correlation;
B) valence-core correlation;
C) core-core correlation.
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In (3.1) the first is fully taken into account the 
second and the third neglected. The choice of (3.1) 
is motivated by the experience gained in previous 
pseudopotential studies 15 which have shown that the 
valence-valence correlation effects are crucial for 
accurate calculations; therefore this effect must be 
built into the theory exactly. The omission of the 
second and third correlation effects is motivated by 
the desire of not making the formalism too com­
plicated and by the assumption that these effects 
being less important than the valence-valence cor­
relation can be later incorporated into the theory as 
refinements.

We derive now the exact equation for the valence 
electron wave function F . An "exact" equation is 
defined as follows. We take the wave function (3.1) 
and form the average value of the Hamiltonian 
(2.1). We vary the average value with respect to F  
taking into account the subsidiary conditions. The 
resulting equation, yielding the best F  (for a given 
set of core orbitals) is defined as the exact equation 
for F .

The matrix component of the Hamiltonian with 
respect to a function of the type (3.1) has been 
derived before, in the theory of correlated wave 
functions for atoms17 and also for Fermion sys­
tems 18 with general, non-local interactions V;j. In­
spection of the derivation shows that the formula 
previously derived is valid for the atomic-molecular 
Hamiltonian (2.1) with a slight change in the nota­
tion. We get, using Eq. (4.6) of the Ref.17:

( F r  | H | F T)

7—W  <y  l * i + s i m i ) ! ^ ;( n - l ) :  s=i

+ 2 { n -2 )  !
1 f K , , K ) 

+  —  I(< P s\t\(P s)+ h l£ s t\, (3.2)n - IS = 1 M = 1 J

and [Eq. (4.7) of Ref.17]

( ,/ /t ! ' / /T) = 1 ' (3.3)

In the derivation of (3.2) and (3.3) it is as­
sumed that the one-electron orbitals are orthonormal,

( f i  i tyj ) = d i}, (3.4)

and the valence electron function is strong-ortho­
gonal to the one-electron orbitals:

f F (  1 ,2 , . . . ,  n)<p* (1) dqi =  0 , (s = 1, . . . , £ )  ,
(3.5)

and it is normalized
( F \ F ) = 1 . (3.6)

It had been shown17 that the strong-orthogonality 
condition does not restrict the generality of (3.1). 
By this statement we mean the following. Let F 0 
be an arbitrary function not satisfying (3.5). Let P 
be the operator

P = P1P2. . . P n , (3.7)

where

P xf(l) = / ( ! ) -  i > , ( l ) i > . # (2 )/(2 )d g 8. (3.8)
s = i

It is easy to see that
F  = P F 0 (3.9)

will satisfy (3.5) regardless of the form of F 0 . 
The statement about the generality of (3.1) means 
that

A{<p1(l)...< pK(K) F 0 ( K + 1 ,. . . ,N )}  
= A{<p1( l ) . . . (pK(K )P F 0 (K + 1 , . . . ,  N)} 
= Ä{cpx (1 ) .. .  cpK (K) W(K + 1 , . . . ,  N )} , (3.10)

meaning that the total wave function does not 
change when an arbitrary XF 0 is replaced by the 
strong-orthogonal P XF 0 .

Using (3.2) (3.3) and taking into account the 
antisymmetric character of XF  we obtain

= ( xF \H ( n ) \xF ) + E ¥(K) , 

(3.11)
where

H (n )=  2  (ti +  I U s{i) +Ä 2  va > (3.12)
i=l \ S = 1 / i,j = 1

and
K. K

EF(K )=I(<Ps\t\<Ps)+ :k I e st. (3.13) 
S = 1 s, t = 1

In (3.11) the first term is the energy of the 
valence electrons (including core-valence inter­
actions) and the second is the HF energy of the 
core electrons.

We will now vary £ av- with respect to F 19. The 
subsidiary conditions are (3.5) and (3.6). The con­
dition (3.5) must be changed into integral condi­
tions. This can be done19 by expanding the integral



L. Szasz • Pseudopotential Theory for Atoms and Molecules

in terms of the solutions of (2.9) which form a 
complete system:
f F { \ ,2 , . . . , n ) c p * ( \ ) d q x

oc
=  I C s( a ,ß , . . . ,  co) cpa( 2) <pß( 3 ) . . .  <pa {n) . (3.14)
a, ß,... ,io = 1
Condition (3.5) now becomes

Cs{a,ß ,.. .,co) = 0 , 
{s = 1 , . . . ,  K; a, ß , . . . ,  co = 1, 2 , . . . ,  oo} , (3.15) 

where
Cs(a ,ß ,...,c o )  = /W ( l ,2  , . . . , n )

•cp* (1 )<p* (2) cpß* (3 ) .. .  cpj* {n) d q , (3.16)

and dg means integration over all coordinates. In­
troducing the Lagrangian multipliers
— A(s, a, ß, . . . ,  co) for (3.15) and - E  for (3.6) 

we obtain the variational equation in the form

| T) + E f (K) -E (W \W )
K oo

-  2  2  2(5, a , c o )
S = 1 a,ß,...,w = 1

X ( F  | cps cpa cpß , . ,  cpw) |  = 0 . (3.17)

Carrying out the variation we obtain
H(n)W = E lF  (3.18)

K oo
+  2  2^(5, a . .. co) 9?s(l) cpa(2). . .  cpw(n) . 

S = 1 a... oi = 1
Let us write the operator Px introduced in (3.8) in 
the form

i W - ^ x ,  (3.19)
where

ö l  /( I )  = 2  <p.il) f  <ps* (2) /(2) d q ,. (3.20)
S = 1

Using (3.7) we can write
P = P , . . . P ^ a - Q j )  (1 - Q t) . . .  ( I -O n )  ,

(3.21)

and combining the s into one term we can write 
P = l - Q .  (3.22)

Since these operators play an important role in 
our discussions we summarize here their properties. 
First
Pl(pj(1 )= 0  if / = 1 , 2 , . (3.23) 
?i<Pl( D=<P;(1) if j  = K + l ,K  + 2 , . . . ,  oo .
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If / (1,2, . . . , n )  is an n-particle function which 
satisfies the strong orthogonality condition (3.5) 
then

P f  = f . (3.24)
It is easy to see that if the orbitals in (3.20) are 
the solutions of the HF equations (2.9) then

PH F = HFP . (3.25)

Finally P is a projection operator therefore
P2 = P . (3.26)

In order to eliminate the /'s  from (3.18) operate 
on this equation from the left by P:

P H (n )lF  = E T . (3.27)

Taking into account the form of H (n), Eq. (3.12), 
we can write (3.27) in the form

^ l H F( i ) + P Q ^ F  = EW , (3.28)

where

Q =  i i v u -  2  I U s( i) . (3.29)
i, 7 = 1 « = 1 S=K+1

Equation (3.28) is the exact equation for W.
We shall consider Eq. (3.28) to be the basic equa­

tion for the valence electron wave function of those 
atoms and molecules to which our theory can be 
applied. Here we summarize the properties of this 
equation.

First it is clear that the operator in (3.28) is not 
Hermitian since P und Q are not commuting. De­
spite of this we shall show that the variation prin­
ciple can be applied to the calculation of approxi­
mate solutions of (3.28). Here we note that a 
special case of Eq. (3.28), an equation for the two 
valence electrons of an atom, was derived some 
years ago by the author (Reference 19). In connec­
tion with the two-electron equation of Ref.19, Huzi- 
naga and Cantu stated 20 that, since the equation is 
not Hermitian, the variation principle cannot be 
used to obtain approximate solutions. The deriva­
tion presented below will show that the statement by 
Huzinaga and Cantu20 was erroneous.

Let tf0 =  ! H F(i) (3.29 a) 
i = 1

and
H =  H0 + P Q . (3.30)

First we show now that H is Hermitian with respect 
to strong-orthogonal functions i. e. with respect to
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functions which satisfy (3.24). Let / and g be arbi­
trary n-electron functions which both satisfy (3.24). 
Then

( f \P Q [ g ) - ( P f \Q \9 )  = (f \Q \g )  (3.3i) 
= {g\Q \f)*  = < ^l< ?l/> *  = (g\PQ \f)*>

where we took into account that Q is Hermitian. 
Equation (3.31) shows that PQ is Hermitian with 
respect to strong orthogonal functions and since H0 
is Hermitian, the theorem is proved.

In order to construct approximate solutions of 
(3.28) with the variation method we use a modified 
form of a derivation presented by Merzbacher21. 
Let XP be an n-electron trial function satisfying 
(3.24). Consider the quantity

W H\ V] 
(V  ¥ ) (3.32)

Since H is "strong-orthogonal-Hermitian" /  will be 
real. Let us assume that /  has a lower bound which 
is obtained for a certain strong-orthogonal wave 
function W0 , i. e.

*o = *[!Po] ^  (3.33)

for all ^'s. Now put
¥ = T 0 + e& , (3.34)

where 0  is strong-orthogonal and £ is a small posi­
tive number. Using (3.33) we obtain

+ • (3.35)

Using (3.32) and (3.35) we get 

± e { ( 0 \ H - l o \ ¥ o) (3.36)

Since 0  is strong-orthogonal and is the lower 
bound we get that

S =  ( 0 \H - X o\0 )  ^  0 , (3.37)

and using this equation we obtain from (3.36)

-e S < >  ( $ \ H - l 0 \V 0) + (V 0\ H - l 0 \< P )^ + e S
(3.38)

and if £—>■ 0

( & \ H - l 0 \ ¥ 0) + ( & \ H - l 0\ ¥ 0) * = 0 , (3.39)

where we took into account that H is strong-ortho­
gonal-Hermitian. Now let

0 = ( H - X o) T  0 . (3.40)

This function must be strong-orthogonal. Taking 
into account that ¥ 0 is strong-orthogonal and tak­
ing into account (3.25) and (3.26) we obtain

P<P = P ( H - l 0) ¥ 0= ( H - / 0) ¥ 0=<P, (3.41)

which shows that (3.40) is strong-orthogonal. Sub­
stituting (3.40) into (3.39) we get

((H -X 0) ¥ 0\ ( H - a 0)V 0) = 0 ,  (3.42) 

from which it follows that

(H -X 0) W0 = 0 . (3.43)

This equation means that the wave function 
which minimizes (3.32) is the exact solution of Eq. 
(3.28) and / 0 will be, by definition, the lowest 
eigenvalue of (3.28). / 0 corresponds to the ground 
state of the valence electrons. Solutions for the ex­
cited states (for a fixed H) can be constructed 
similarly 21. It is clear from the derivation that the 
solutions constructed this way will be strong-ortho­
gonal to the core orbitals. It is easy to show that if 
Wi and Wj are strong-orthogonal solutions of (3.28) 
for different eigenvalues then

'/V 0. (3.44)

It is proved now that the variation method can 
be applied to the calculation of approximate solu­
tions of Equation (3.28). In the case of the ground 
state, for any strong-orthogonal trial function tp, 
we get, according to (3.33)

{ v \H \y )
( v lv )

^ E 0 (3.45)

where E0 is the eigenvalue for the ground state.
We note that the energy expression used in the 

theory of correlated wave functions22 is a special 
case of the expression (3.32) ; in that theory W is 
a correlated 2-electron function. In that case calcu­
lations have shown 23 that the variation method can 
be used for the calculation of approximate energy 
values.

IV. The Exact Equation for the Pseudowave- 
function of the Valence Electrons

Having obtained the equation for the exact ortho- 
gonalized valence electron wave function, Eq. (3.28), 
we shall introduce now the equation for the exact 
valence electron pseudowavefunction. Let ¥  be the
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exact pseudowavefunction for the n valence elec­
trons. It is defined by the equation

¥  = P ¥ ,  (4.1)

where ¥  is the exact solution of (3.28). (From here 
on the orthogonalized functions will be indicated by 
caret.) Let

= 2  (l'I <Ps) (4.2)s = t
be a general, one-electron pseudopotential operator 9 
where Fs is an arbitrary function possesing the 
symmetry of the atom or molecule and let

V0 = 2 V ( i ) .  (4.3)
i = 1

We state that the exact pseudopotential equation, 
corresponding to Eq. (3.28), is as follows:

HP ¥  = E ¥ ,  (4.4)

with
HP =  H0 + V0 + Q P , (4.5)

where the four operators are defined by (3.29 a), 
(4.3), (3.29) and (3.7).

In order to show that (4.4) is equivalent to 
(3.28) let us assume that (4.4) has solutions for 
which P ¥  4= 0. Let ¥  be such a solution. Multi­
plying (4.4) from the left by P we get

P(H0 + V0 + QP) ¥  = E P ¥ .  (4.6)

Since P commutes with H0 and since
p Vo = 0 (4.7)

we obtain
(H0 + P Q )(P ¥ )  = E (P ¥ )  , (4.8)

or, using the notation (3.30) and denoting P ¥  by
¥  we get

H ¥  = E ¥  . (4.9)

We see that ¥  is a solution of (3.28) with the 
eigenvalue E. This means that if ¥  is a pseudo­
wavefunction which is the solution of (4.4) with the 
eigenvalue E then the orthogonalized function which 
is related to ¥  by Eq. (4.1) will be the solution of 
(3.28) with the same eigenvalue. Therefore those 
eigenfunctions of (4.4) for which P ¥  + 0, will 
belong to eigenvalues which are equal to the cor­
responding eigenvalues of (3.28). It is clear that 
this argument can be applied to non-degenerate as 
well as to degenerate states.
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The structure of Eq. (4.4) is such that it will have 
solutions for which P ¥  = 0. From (3.22) we see 
that P = 1 — Q, where fi is a projection operator 
onto the core states. The functions therefore which 
satisfy the P ¥  = 0 condition are antisymmetrized 
products of an arbitrary selection of core orbitals. 
Let (pa ,(pß . . . ,  <pM be a selection of n core orbitals 
and let

xpc =  det [<pa <pß...<pm] .  (4.10)

We have
Pip c = 0. (4.11)

For the one-electron pseudopotentials we put5' 6
(Fs \ = (ev- e s)(cps\, (4.12)

where <ps is a HF core orbital, £s is the correspond­
ing eigenvalue and ev is any one of the valence level 
HF eigenvalues. Substituting (4.12) into (4.4) and 
taking into account that

#oV c= + + . .. + «JVc» (4.13)
Vq Vc = n ev -  {ea + eß + . . .  + e j  ipc , (4.14)

we obtain that xp'Q is a solution of (4.4) with
E = n£v . (4.15)

We shall call the solutions for which P ip 4= 0 
"valence" solutions and those for which P ip = 0 
"core" solutions. We shall show that the latter can 
be eliminated at each step of the development of the 
theory.

We have therefore two equivalent equations from 
which we can determine the wave function of the 
valence electrons. Equation (3.28) determines those 
wave functions which are strong-orthogonal to the 
core orbitals; Eq. (4.4) determines the pseudo- 
wavefunctions which do not have to satisfy the 
orthogonality conditions. The presence of the pseudo- 
potentials (4.2) prevents the valence electrons from 
"falling" into the core.

Reviewing further the properties of Eq. (4.4) we 
observe that Hp is not Hermitian. It is easy to show 
however that the eigenvalues of (4.4) belonging to 
valence solutions will be real. Let us write down 
(4.4) and the complex conjugate equation:

H p ¥  = E ¥ , (4.16)

H?* ¥ *  = E * ¥ *  . (4.17)

Multiplying the first equation from the left by 
(P ¥ ) * the second by (P ¥ ) , integrating and sub-
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stracting the second from the first we obtain easily 
that

E * = E . (4.18)

This result, of course, follows also from the fact 
that the valence eigenvalues of (4.4) are equal to 
the "strong-orthogonal" eigenvalues of (3.28) which 
are real.

Since Hp is not Hermitian — not even with 
respect to a certain class of functions — the varia­
tion method cannot be used for the calculation of 
approximate solutions. It was pointed out however 
by Merzbacher 24 that representation theory can be 
used for proving the existence of solutions of the 
eigenvalue equation of non-Hermitian operators and 
for the calculation of approximate solutions. Here 
we present Merzbacher's argument24 modified in 
such a way as to exclude the core solutions. Let us 
expand the eigenfunctions of (4.4) in terms of a 
complete set of n-electron functions:

CO
F = 2  CiVi. (4.19)

i = 1

These functions are arbitrary except for the single 
restriction that

P xFi + 0 . (4.20) 

Substituting (4.19) into (4.4) we get the equation
oo
2  {Ha -  E Sji) Ci = 0 , (4.21)

i = 1
where

(4.22)

S}i= (W}\ Wi) . (4.23)

(4.21) will have solutions if 

det [Hji -  E Sjt] = 0 , (;, i = 1, 2 , . . . ,  oc) , (4.24)

which is the usual secular equation, but of course, 
the approximate energy computed from (4.24) for 
a finite set of trial functions, will not be an upper 
limit to the exact energy. Condition (4.20) will 
insure that the energy values computed from (4.24) 
will converge toward the valence eigenvalues of 
(4.4). Although the approximate energies will not 
be upper limits the presence of the pseudopotentials 
(4.2) will prevent the energy from converging to­
ward the core energies 25.

As we mentioned above Weeks and Rice devel­
oped a pseudopotential formalism applicable to 
atoms with more than one valence electrons13. Their

method consisted of substituting P XF  into the en­
ergy expression (3.11) and varying the total energy 
of the system with respect to the pseudowavefunc- 
tion. It is easy to see that this method leads to an 
equation which can be obtained from (4.4) by 
multiplying (4.4) from the left by P and leaving the 
equation in terms of pseudowavefunctions. We ob­
tain this way the equation

[.H0 + P Q P + ( E - H 0)Q ]F  = E F , (4.25)

where we have used (3.22), (3.25) and (4.7). This 
equation, in the same way as (4.4), is equivalent to 
(3.28).

The comparison between (4.4) and (4.25) is 
favorable to the former. Although the operator in 
(4.25) is Hermitian and HP is not, Hp has two 
crucial advantages. Unlike the operator of (4.25), 
Hp does not depend on E and it has a much simpler 
structure. Both of these features are advantages if 
we want to use the equations directly in calcula­
tions. The absence of E and, even more importantly, 
the simplicity of Hp will be crucial advantages when 
we derive a simple model Hamiltonian 26 from the 
exact equation. As we will show below the transition 
from Eq. (4.4) to a simple model Hamiltonian will 
be straightforward; a similar transition, from (4.25) 
would not be nearly as simple.

Summarizing the contents of this Section, we 
have found an equation for the n-electron pseudo- 
wavefunction which is of surprisingly simple struc­
ture and exact in the sense of giving the minimum 
energy. The equation is valid for any atom or mole­
cule. The Hamiltonian Hp does not depend on F  
and/or on E. Although Hp is not Hermitian, the 
valence eigenvalues are real and the existence of 
exact solutions can be demonstrated and approxi­
mate solutions can be constructed by expanding F  
in terms of a complete set subjected only to the con­
dition (4.20) excluding the core orbitals from the 
expansion.

After the presentation of Eq. (3.28) we identified 
that equation as the basic equation for the valence 
electrons. Now we see that Eq. (4.4) yields the same 
eigenvalues as Eq. (3.28) and the eigenfunctions of 
(3.28) are given as the eigenfunctions of (4.4) 
multiplied by P. The pseudopotential equation there­
fore can also be identified as the basic equation for 
the valence electrons. The existence of an exact 
many-electron pseudopotential equation is not sur­
prising if we recall that, although in the total wave
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function of the system, Eq. (3.1), we have assumed 
to be strong orthogonal to the core orbitals, the 

principles of Quantum Mechanics do not prescribe 
such an orthogonalization. Instead of orthogona- 
lizing xl '  as we have done in Sect. Ill, we could have 
left F  non-orthogonal — a pseudowavefunction — 
and could have looked for the equation determining 
the best such function, without going through the 
process of deriving first Eq. (3.28) for the ortho- 
gonalized wave function. The pseudopotential equa­
tion (4.4) determines the valence electron proper­
ties just as exactly and fully as the more conven­
tional Equation (3.28). The introduction of a many- 
electron pseudowavefunction i. e. a wave function 
which is not orthogonal to the core orbitals does not 
a priori imply the introduction of an approximation.

Although Eq. (4.4) is equivalent to (3.28) we 
shall consider the pseudopotential equation more as 
a conceptual rather than a computational basis for 
the pseudopotential theory. The main reason for 
this is the absence of Hermitian property in Hy ; 
the variation method cannot be applied. In the next 
Section we shall show that a simple model Hamil­
tonian can easily be derived from (4.4). We shall 
consider Eq. (4.4) not as a starting point of actual 
calculations (although such calculations can be made 
using the expansion method presented above) but 
as an exact equation from which new, simple model 
Hamiltonians can be derived and which can be used 
to test the accuracy of already existing pseudo- 
potential models.

V. Model Hamiltonians

In almost all pseudopotential studies15 the va­
lence electrons are represented by a model Hamil­
tonian which has the following form:

f f m = i / U i ) + ä i ( l / r « ) ,  (5.1)i = 1 i, j = 1
where Hm is a one-electron operator representing 
core-valence interactions and including the pseudo- 
potentials and the second term is the valence- 
valence interaction.

Let us rewrite Eq. (4.4) as follows:
{H0 + V0 + Q + Q ( P - l ) }  W = (5.2)

We obtain (5.1) from (5.2) by two approximations: 
first we omit the last term on the feft side of (5.2). 
This step will be called the P —>1 ("P replaced by 
1") approximation since it amounts to replacing P

by the unity operator in Equation (4.4). We obtain 
this way

{H0+V 0 + Q}W = E XF .  (5.3)

Taking into account the form of these operators, 
Eqs. (3.29), (3.29 a) and (4.3) and replacing the 
operator symbol v^ in Q by l/r,;- we obtain that

H0 + V0 + Q = S + T , (5.4)

where

See 2 { ffc ( i)+ n » ')} , (5.5)i = 1
and

In (5.5) the operator Hc is the HF operator repre­
senting the core:

Hc =  t + 2 U S. (5.7)
s = 1

The second approximation is to replace H^+V by 
the model operator Hm:

Hc + V ^ H m. (5.8)

Making this substitution in (5.5) we get

S = l H m(i) , (5.9)
i=i

and using (5.9), (5.6) and (5.4) the Eq. (5.3) 
becomes

(s + r ) iP  = {2ffm(i) + | 2 — (5.io)l i ^ hi rij )
which is identical with (5.1).

We clarified therefore that the videly used model 
Hamiltonian (5.1) is removed from the exact Hp 
by just two approximations, by the P —>1, which 
amounts to omitting Q (P — 1) and by the replace­
ment of the core-valence interaction operator Hc+V  
by the model operator Hm . The second of these is 
a one-electron approximation which has been dis­
cussed extensively15. Since in this paper we con­
centrate on the many-electron effects we shall dis­
cuss the P —>1 approximation in detail and omit a 
discussion of the construction of Hm .

The P —y 1 approximation can be motivated by at 
least three arguments. First, with the removal of P 
we gotten rid of the core solutions of (4.4), dis­
cussed above. Secondly, the omission of P means 
the removal of the non-Hermitian part of Hp (as­
suming that the pseudopotentials V are Hermitian).
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Thirdly, the product QP is responsible for the 
greatest mathematical difficulties. For example, in 
the case of an atom with two valence electrons 27, 
if the pseudowavefunction contains the interelec- 
tronic coordinate r12, matrix components involving 
QP will generate integrals containing the product 
(r12 r13 r23) which can be computed only very labo­
riously 28. If Q(P — 1) is omitted only simple inte­
grals with r12 will occur 27.

In order to justify the P —> 1 approximation we 
note that the operator in (5.3) which is obtained 
after the P —> 1 is carried out, is very plausible 
physically. From (5.5) and (5.6) we see that this 
operator contains the HF core-valence interaction 
operator Hc plus the pseudopotentials V which keep 
the valence electrons out of the core, and of course, 
the valence-valence interaction potential T. In ad­
dition to this argument we shall show below for the 
case of atoms with two valence electrons that view­
ing the omitted operator Q (P — 1) as a "perturba­
tion" it is easy to demonstrate that the first order 
perturbation energy resulting from this operator is 
negligibly small. We expect that it will be possible 
to extrapolate this argument to other, more com­
plicated systems to which the pseudopotential theory 
can be applied.

VI. Example: Atoms with Two Valence 
Electrons

For an atom with two valence electrons the exact 
pseudopotential equation reads as follows:

{flP( i ) + j r P( 2 ) + n u
+ V (2)+Q i2P12}W = E*P, (6.1)

with

QV2 =  —  - U a( l) -U A 2 )  —Uß{l) — Uß(2) 
r12

(6.2)

and PX2 = PXP2. (6.3)

Uu and Uß are the HF potentials for the two valence 
states.

The model equation, Eq. (5.1) will be for this
case

(ffm (1) + Hm (2) + - j - j  ¥  = E ¥ .  (6.4)

As outlined above, we arrive at (6.4) by re­
writing first (6.1) as follows:
( tfF(l) + HF(2) + F (1) +V(2) + Q12 + V p}

- ¥ = E ¥ ,  (6.5)

where Vp is the "perturbation":
Vp =  Q12(P12-  1) . (6.6)

Taking into account (6.2) we get

^H ,{\)+H c{ 2 )+ V (\)+ V { 2 )+ ~  + Vp)w = E ¥ .

(6.7)

Now let us assume that Hc + V can accurately be 
replaced by a mathematically simple model opera­
tor Hm . Introducing this operator into (6.7) we get

j/7m( 1) + H m(2) + + ¥  = E ¥  (6.8)

and we obtain (6.4) by omitting Vp from this 
equation.

Let us assume that we want to compute approxi­
mate solutions of (6.8) by using perturbation 
theory. The "unperturbed" equation is (6.4). Let 
us consider a non-degenerate state and let ¥  and E 
be the solutions of (6.4) and E be the eigenvalue of 
(6.8) for this state. Then, in the first order of the 
perturbation theory we obtain

E = E + f ¥ *  Vp ¥ d q ,  (6.9)

where we have tacitly assumed that Hm is Hermi­
tian, so that a perturbation expansion can be built 
on the solutions of (6.4).

Our goal is to show that the integral in (6.9) is 
negligibly small. For an accurate qualitative argu­
ment let us replace the (correlated) wave function 
¥  by the product 9?0(1) 99o(2) where qp0 is a pseudo­
wavefunction for the valence state. A logical choice 
for 9?0 is the solution of the equation

(HF+V)<p0 = €0<p0. (6.10)

By choosing qp0 to be the eigenfunction of HF + V 
rather than of Hc + V we are taking into account 
the valence-valence interaction in the HF approxi­
mation. We obtain
EP =  fW * VpWdq

= i>o* (1) <Po*W Qu £o(1) £o(2) dq12
- I n *  (1) <Po* (2) Qlt Pott) <Po(2) dq12 , (6.11)

where

£o(l) = ^ 0 ( 1 )  • (6.12)

Let R0 and R0 be the radial parts of cpQ and (pQ , 
and let

P0 = rR 0, P0 = rR 0. (6.13)
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Denoting by Ep1 that part of Ep which comes from 
l / r 12 we obtain

CO A
^p1 = 2  «i -  ^y] , (6.14)j = l

where the aj are coefficients resulting from the an­
gular integration and

Fj =  f P 0(r i) P0(r1) P0(r2) P0(r2)Lj(r1 r2) drx dr2 ,
(6.15)

F ^ f P t i r J P o H r , )  Lj(rx r2) drt dr2, (6.16) 
Lj =  r ^ / r i+ 1. (6.17)

It is known from previous studies8' 9 that the 
solutions of (6.10) are of the form

K
(Po = (P v + 2 as <Ps (6.18)s = 1

where <pv and cps are valence and core HF orbitals 
and

as= {<Po\<Ps) • (6.19)
For we get

<p0 = (pw. (6.20)

Similarly we obtain

Po = Pv + I<*sPs, (6.21)s = 1
and

P0 = PV. (6.22)
We state that in good approximation

P0P0 « P 02. (6.23)

This approximation can be established by ana­
lyzing (6.21) and (6.22). In the valence region 
where the bulk of both functions is located P0 = P0 
exactly. Since P0 is a HF function and P0 is a 
pseudowavefunction, in the core region P0 will have 
oscillations while P0 is a smooth function. Both 
will be small in the core region (because of P = rR) 
and for any reasonable set of a's which should be 
small for a reasonable pseudopotential29, the P02 
will be an average of P02.

Therefore the approximation (6.23) is exact in 
the valence region and qualitatively accurate in the 
core region.

Using (6.23) we get

Fj »  F, (6.24)
and Evx «  0 . (6.25)
It is easy to show that similar arguments can be 
constructed for that part of EP which comes from
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Ua and Uß . We may write therefore that in good 
approximation

£ P « 0 ,  (6.26) 

and using this result in (6.9) we obtain

E ^ E .  (6.27)

We conclude that Eq. (6.8) can be replaced by 
Eq. (6.4) in a good approximation, i. e. the model 
equation (6.4) will be a good approximation of the 
exact equation (6.1) if the one-electron model op­
erators Hm are accurate replacements for the oper­
ators / /c + V.

Here we note that Eq. (6.4) has been used by 
Hellmann3, Szasz and McGinn30, Schwarz31 and 
Bardsley32 for the calculation of energy levels of 
atoms with two valence electrons. Using Hellmann 
type model potentials 3 for Hm, Schwarz and Bards­
ley obtained highly accurate results. In the light of 
the preceding discussion we may say that these ac­
curate results were not fortuitous but can be ex­
plained by the fact that the model equation is re­
moved from the exact equation by just two plau­
sible approximations. Looking at it from another 
angle we may conclude that the good results ob­
tained using Eq. (6.4) justify the two approxima­
tions made i.e. the replacement of H^+V by the 
Hellmann potential and the omission of Vp from the 
equation.

VII. Summary

The main result of this paper is the formulation 
of a comprehensive, exact, many-valence-electron 
pseudopotential theory. The theory has been pre­
sented in two steps: First we derived the exact equa­
tion for the orthogonalized wave function, Eq. 
(3.28) ; then, using that equation we constructed 
the exact pseudopotential equation, Equation (4.4). 
Both equations define the best wave function for the 
valence electrons. While the solutions of (3.28) 
must be orthogonalized to the core orbitals, the 
solutions of (4.4) are pseudowavefunctions which 
do not have to satisfy any orthogonality require­
ments. The eigenvalue computed from either equa­
tions is the energy minimum of the valence elec­
trons. The correlation effects between the valence 
electrons are fully incorporated into both equations.

As the first application of the exact theory we 
have shown that, the widely used and simple model
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Hamiltonian of Eq. (5.1) can be derived from the 
exact pseudopotential equation by just two plausible 
approximations. We have also shown that the P ->  1 
approximation which involves many-electron effects 
can be justified, in the case of atoms with two 
valence electrons, by accurate qualitative arguments 
based on perturbation theory. We expect that the 
exact pseudopotential equation will serve as the 
justification of previous calculations as well as the 
basis for the development of new models.
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